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Preface

"Experiences in Mathematical Discovery" is a series of ten
self-contained units, each of which is designed for use by students
of ninth-grade general mathematics. These booklets are the culmi-
nation of work undertaken as part of the General Mathematics
Writing Project of the National Council of Teachers of Mathematics

(NC 1`,1).

The titles in the series are as follows:

Unit I; Formutos, Graphs, and Patterns

'Nit 2: Properties of Operations with Numbers

Unit 3: Mathematical Sentences

Unit 4: Geometry

Unit 5: Arrangements and Selections

Unit 6: Mathematical Thinking

Unit 7: Rotional Numbers

Unit 8: Decimals, Ratios, Percents

Unit 9: Positive and Negative Numbers

Unit 10: Measurement

This project is experimental Teachers may use as many units

as suit their purposes. Authors are enceraged to develop similar
approaches to the topics treated here, and to other topics, since
the aim of the NCTM in making tk;:e units available is to stitnu-
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late the development of special materials that can be effectively
used with students of general mathernat'es.

Preliminary versions of the units were produced by a writing
team that met at the University of Oregon during the summer of
1063. The units were subsequently tried out in ninth-grade goiheral
mathematics classes throughout the United States.

Oscar F. Schaaf, of the University of Oregon, was director of
the 1963 summer writing learn that prothiced the preliminary
materials. The work of planning the content of the various units
was undertaken by Thomas J. 11;II, Oklahoma City Public Schools,
Oklahoma City, Oklahoma; Paul S. Jorgensen, Carleton College.
Northfield, Minnesota: Kenneth P. Kidd, University of Florida,
Gainesville, Florida; and Max Peters, George W. Wing lie High
School, Brooklyn, New York.

The Advisory Committee for the General Mathematics Writing
Project was composed of Emil J. Berger (chairman), St. Purl
Public Schools, St. Paul, Minn-sota; Irving Adler, North Benning-
ton, Vermont ; Stanley J. Bezuszka, S. J., Boston College, Chestnut
Hill, Massachusetts; Eugene P. Smith, Wayae Slate University,
Detroit, Michigan; and Max A. Sobel. Montclair State College,
Upper Montclair, New Jersey.

The followiag people participated in the writing of either the
preliminary or the revised versions of the various units:

Bay W. Cleveland, University of Alberta, Calgary, Alberta
Do Laid II, Firl, Rochester Public Schools, Rochester, Minnesota
Carroll E. Fogal, University of Florida, Gainesville, Florida
Edward F. Gottlieb, Madison High School, Portland, Oregon
Kenneth P. Kidd, University of Florida, Gainesville, Florida
I). Thomas King, Madison Public Schools, Madison, Wisconsin
Edna K. Lassar, Polytechnic Institute of Brooklyn, Brooklyn,

New York
John F. LeBlanc, Racine Public Schools, Racine, Wisconsin
Scott D. McFadden, Spencer Butte Junior High School, Eugene,

Oregon
James M. Moser, University of Colorado, Boulder, Colorado
Max Peters, George W. Wingate High School, Brooklyn, New

York
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Leonard Simon, Bureau of Curriculum Research, New York
Public Schools, New York, New York

Rita Jean Tarter, College of St. Catherine, St. Paul,
.Minnesota

Irwin N. Sokol, Co llinwood High School, Cleveland, Ohio
'William H. Spragens, University of Louisville, Louisville, Ken-

tucky
Mary E. Stine, Fairfax County Schools, Fairfax, Virginia
1rthur J. Wiebe, Pacific College, Fresno, California
John E. Yarnelle, Hanover College, Hanover, Indiana

Crateful acknowledgment is hereby expressed to Muriel Lange
of Johnsor. High School, Sr.int Paul, Minnesota, for checking on
appropriateness of language and for working through all problems.

Finally, a word of grateful thank-, is extended to the NCTM
headquarters staff for their assistance, and in particular to Clare
Stifit and Gladys Majette for their careful attention to production
editing details.
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General Mathematics Writing Project
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Positive and Negative Numbers

Touchdown

John and David made up a new card game called TOUCHDOWN.
To play the game they used an ordinary deck of cards with the
picture cards removed. They let each red card stand for a loss of
as many points as the number on the card, and each black card
for a gain of as many points as the number on the card. Each ace,
regardless of color, was considered a gam of 15 points.

John shuffled the deck and dealt Dadd four cards. David's cards
were the 8 of spades, the 5 of dubs, the 3 hearts, and the 4 of
diamonds. Notice that two cards were from black suits and two
were from red sails.

John sa41, "You have gains of 8 and 5, and losses of 3 and 4."
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The boys decided to represent the net result in the following way:

(+8) + (5) + (-3) +
John did some paper work and said, That gives you a net gain

of 6."
"How did you do that so fast?" asked David.
John showed David the work that he did on paper.

DAVID

LossE5

GAINS 1

NET GAIN

"1 tried to match gains with losses, and right away I saw that
1 had six marks for gains left over," replied John.

"You could also get the answer by subtracting 7 from 13," slid
David. "Since the difference is 6 and you had more gains t'ian
losses, you would know that you had a net gain of 6."

David wrote +6 on his scorecard, shuffled the deck, ;111(1 dealt
John four cards. John's cards were the 9 of hearts, the 5 of hearts.
the 6 of spades, and the 7 of spades. John wrote -1 on his scorecard.
This meant that he had a net loss of 1 point. How do you think
John determined this loss?

Class Discussion r.-4
I. 'What is the greatest net gain a player can have on ;my one

hand?

2. What is the grewest net loss a player can have on ally one
hand?

3. Using N, C, 11, and 9 to stand for .pades, clubs, hearts, and
diamonds respectively, what would lx' the net gain or toss for
a hand consisting of 10S, 7C, 8/1, 91)?

4. In playing the game of TOUCHDOWN, each player totals

9



POSITIVE AND NEGATIVE NUMBERS 3
his score after each hand. After several hands David's and
John's scorecards looked like those shown below.

Dnvid
Hand Score Toial Score

+6

'12
-5

-15

46

`111
413

John
Hand Score Iola' Score

-I
45

-3

a. At the point in the game when David's total score was -2
and John's total score was +2, which boy was ahead?

b. Later in the game John had a total score of +15 and David
had a total score of -19. Who was ahead?

5. There are two ways to win the game of TOUCHDOWN. A
player wins if he gets a total score of +30 or more. He also wins
if his opponent gets a score of -15 or less. L. a ;core of -19 less
than a score of -15?

6. a. If you combine two losses, is the result a loss?
b. If you combine two gains, is the result a gain?
c. When would a gain and a loss cancel each other, so that

the player would break even? How would you represent a
break-even srore?

d. What results arc possible when you combine a gain and a
loss?

7. The numbers you have been using to describe gains and losses
(and breaking even) are called integers. The set of integers
is listed below.

1- , -3, -2, -1, 0, +1, +2, +3, 1

The symbol "-a" is read "negative three." The symbol "4.3" is
read "positive three." And the symbol "0" is read "zero."
a. Which integer would you use tt, indicate that you broke

even?
b. The set of integers is listed in a special way. What tells

you tha', "4, -5, and -6 are members of the set of integers?
c. What tells you that +4, +5, and '6 are members of the stt

of integers?

10
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A FooTBALE. M

You can change the game of TOUCHDOWN to make it a

FOOTBALL game. Draw a diagram of a football field on a large
piece of cardboard. Draw lines to represent the yard markers and
boundaries. Place a button on the field to represent the halt. Make
one move for each hand of cards.

1.Tse the same deck of cards tin you used for TOUCHDOWN.
Let each hand of four cards rep,..sent four downs. Let each red
card stand for a loss of as many yards as the number on the card,
and each black card for a gain of as many yards as the number on
the card. Let each ace stand for a completed forward pass that is
good for a gain of 15 yards. If you put the Jacks in the deck of
cards, and let each Jack stand for a 5-yard penalty.

To start the game, flip a coin to see who kicks off (deals the cards).
Assume that the kick-off is always received on t be receiver's 40-yard
line. Play a game of FOOTBALL. Play four 10-minute quarters.

9 Of 03 0£ Ot, o9 Ot7 0£ 02 a 9

\ \

G 10 20 30 40 50 40 30 20 10

When would you say that a player has made a first down?
When would a player lose the hall on downs?
When would you say that a player his made a touchdown?
If your opponent has the "ball," when would you score a safety?

11



POSITIVE AND NEGATIVE NUMBERS 5
8. The set of integers can be separated :nto the following subsets:

Negative Integers 1-1, -2,
Positive Integers 1+1, 42,

Zero

a. Which subset is used to represent losses?
b. Which subset is used to represent breaking even?
c. Which subset i.. used to represent gains?

9. a. In the game of TOUCHDOWN, does a loss result in a
lower or a higher score than breaking even?

b. Does a gain result in a lower or a higher score than breaking
even?

e. Do you think each negative integr is less than zero?
d. Do you think each positive integer is greater than zero?

10. The symbol " <'' means "is less than," and Cie symbol ">"
means "is greater than." Translate each English sentence into a
mathematical sentence. Hint: Rewrite each sentence using
only mathematical symbols.
a. Negative four is less than zero.
b. Positive one is greater than zero.
c. Zero greater than negative ten.
d. Negative ten is less than negative three.
e. Positive fifteen k greater than positive ten.
f. Positive thret is greater than negative one.

11. Which sent( noes in exercise 10 are true?

12. Using gains and losses as scores in the game of TOUCHDOWN,
can you think of a way to decide which of two integers is greater
and which is less than the other?
a. Does a loss of 10 points result in a lower score than a loss

of 5 points? Is it true that -10 < -5?
b. Does a loss of 3 points result in a lower score than no loss?

Is it true that -3 < 0?
c. Does every loss result in a tower score than a gain? Is it

true that -1 < 42?
d. Is zero greater than every negative integer? Is it true

that 0 > -2?
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e. Is zero less than every positive integer? Is it true that
0 +3?

f. Read the sentence below. Is the sentence true?

< 0 < +1.

U. Is the following sentence true?

-5 < 2 < 1 <0 < +1 <-4-3 .

13. Combining gains and losses suggeits the idea of addition.
Suppose that a football plbyer gains 7 yards on one play and
loses 10 yards on the next play. The result is a net loss of 3
yards for the two plays. This idea can be expressed by using
the mathmatical sentence below.

+7+ JO = 3.

This sentence is read ''Positive seven plus negative ten equals
negative three." Write a mathematical sentence for each of
the following:
a. A loss of 5 yards followed by a gain of 9 yards results in

a net gain of 4 yards.
b, A gain of 2 yards forawed by a loss of 2 yards results in

a net yardage of 0.
e. A gain of 5 yards followed by a gain of 3 yards results in

a net gain of 8 yards.
d. A loss of 4 yards followed by a loss of 2 yards results in a

net loss of 6 yards.

Gains and losses suggest the idea of positive and negative
numbers. Gains suggest positive numbers. Losses suggest negative
numbers. Breaking even suggests a number that is neither positive
nor negative. This number is zero.

The set of all positive numbers, negative numbers, and zero
includes a special set called the set of integers.

Using gains and losses as scores in it game suggests a way of
telling which of two integers is t:eatcr and which is less than the
other. Since a gain results in a higher score than a loss, any positive



POSITIVE AND NEGATIVE NUMBERS 7
integer is grater than any negative integer. Furthermore, zero
is greater than any negative integer and less than any positive
integer.

The sentence below tell-, you the order of the integers in relation
to each other.

-4 < -3 < -2 < -1 <0 < < +2 < +3 < }4 - .

Combining gains and losses suggests a way of determining what
the sum of two integers should be.

11111111111M1
1. Integers can be used to express ideas other than gains and

losses. What integer is suggested by each idea expressed below?
a. The temperature outdoors is 32 degrees below zero.
b. You make a withdrawal of $20 from the bank.
c. Jim's score on a mathematics test is 10 points above the

class average.
d. The city of Denver is 5,280 feet above sea level.
e. The countdown was stopped 10 seconds before blast-off.
f. You deposit 817 in a savings account and withdraw $15.
g. Death Valley is 282 feet below sea level.
h. The elevation of New York City is said to be "sea. level."

2. Use an integer to describe each of the following situations.
a. The temperature is 25 degrees below zero.
b. Peter spent $8.
c. Carol earned $10.
d. Marge paid a dental bill of $45.
e. Ray received a royalty check for $721.
f. The airplane cruised at an altitude of 35 000 feet.
g, The submarine dived to a depth of 3,00) feet.
h, The stock market average was down 3 points.

3. a. Following a lost of 9 points, what would you need to break
even?

b. Follow-44 a gain of 4 points, what would you need to break
even?

14
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c. For any loss is there exactly one gain that will cancel the
loss so that you will break even?

d. Fur any gain is there exactly one loss that will cancel the
gain so that you will break even?

4. Bookkeepers sometimes record the amount of money paid for
expenses in red ink and the amount of infiney received in black
ink.
a. If this scheme is used, how can you tell if there are more

expenses than receipts?
b. How can you tell if there are more receipts than expenses?
c. What do you think the expressichi "in the red" means?

What does "in the black" mean?
d. What. does it mean to say "the books balance"?

S. Translate each of the following into a mathematical sentence.
a. A gain of 8 followed by a gain of 5 results in a net gain

of 13.
b. A loss of 4 followed by a loss of 7 results in a net loss of 11.
c. A loss of 5 followed by a gain of 5 results in breaking even.
d. A loss of 10 followed by a gain of 3 results in a net less of 7.
e. A loss of 5 followed by a gain of 11 results in a net gain of G.

6. Complete each sentence so that the resulting sentence is try.
a. 43 + -7 = c. 13 + =
b. -10 + +11 = d. + +7 =

7. Complete each sentence using whichever symbol, =, <, or >,
makes the sentence true.
a. -25 + 415 ___ -10. c. -4 _ 42 + -5.
b. 43 + -2 _ 0.

B. For each integer, what integer should you add so that the SUM
will be zero?
a. 417 b. -12 C. 499 d. 0

9. If the stun of two integers is zero, then each integer is tf

opposite' of the other.
a. If an integer is po. wliat kind of intep r is its opposite?
b. If an integer is negative, w Jai kind 14 integer is it s opposite?
c. What is the opposite of zero?

1i
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Trips along a Line

Integer is my name.
line is my nation.

A point is my dwelling place.
I am a destination.

This poem may seem like a pc. It suggests that integers
can be assigned to points in a line. The poem also suggests that
if you take a trip along a line, your destination will be a point to
which an integer has been assigned.

Shown below is a line that has been divided into segments of
the same length. Each segment is one unit long. The integer 0 has
been assigned to one of the division points. This is the usual way
to start assigning integers to points in a line.

1.

0
In the .4ext diagram, positive and negative integers have been

assigned to points in a line according to the following order.

-4 < 3 < 2 < +I < 0 < +I < +2 < +3 <
Such a matching of points and numbers is called a number line.

-4 -S -I-- -6 .1 474+
Since the positive integers and zero can be matched with the

same points as the familiar set of whole numbers 10, 1, 2, 1,

we can use the positive integers and zero in the same way that we
use whole numbers. Therefore, from now on we will write 3 in place
of +3, 7 in place of +7, and so on.

Class Discussion

1. As you go to the right along the number line, do numbers
become larger or smaller? What happens as you go to the left?

2. Look at the diagram below. The two segments above the line
show a pair of trips. The arrow tips indicate direction. The

1 Ei
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first trip starts at 0, and the second trip starts where the first
trip ends.

Second Trip

West
-5 -4 -S -1

Result

First TTrip

East
5

a. Is the direction of the first trip east or west?
b. How many units long is the first trip?
c. What is the direction of the second trip?
d. How many units long is the second trip?
e. Now think of a single trip that starts where the first trip

starts and ends where the second trip ends. What is the
direction and length of this trip? We will call this new
trip the rival cf the first and second trips combined.

3. You can find the result of two consecutive trips along the
number line by counting unit scgmcnts in the direction cf the
first trip and then counting unit segments in the direction of
the second trip. Below is a shorthand way of describing two
consecutive trips and the result.

4 4 f-3 + = 2 .
The sentence is read: "A trip of three units east followed by
a trip of five units west has the result of a trip of two units
we:1."
Translate each sentence into English.

-
a. 8 + 10 = 2 . c. 9 + 2 = 11.

4- 4b. 5 + o = I. d. 13 + 17 = 32.

4. In each exercise, find the missing trip.

a. 13 + = 3. c. 100+ 100 =
b. + 8 = 12. d. lo = 19.
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5. a. What will be the final destination point if you take a trip
of 8 units east and follow it by a trip of 5 units west?

b. Suppose you first took a trip of 5 units west and then
followed it with a trap of 8 units east. Would you arrive
at the same destination?

c. Do you think reversing the order of two trips will change
the result?

6. Decide whither or not each sentence is true.
÷ 4-- 4

a. 2 + 8 = 8 ± 2 .
4 4 4 4

b . 3 ± 11 = 11 + 3 .

c. = -173 .

7. You can find the result of three trips by combining the result
of two hips with the third trip. Complete each sentence below.
Compare the final results.

a. (5 + 3 1 + la = 8 + 12 = .

--- i 4 4. 4--
b. 5 -1 .1 + 12) = ri + 9 =

8. Complete each sentence below. Compare the final results.

a .

b.

(2

2

+ 10)

+ (10

+ 7

+ 7)
=

=

a
8

2

4
+ 7 =-

+ 3 =
9. Dees changing the grouping of three trip; change the final

result?

10. Thu trip symbJlized by 0 is called the zero trip.
0. What is the starting point of the zero trip?
b. What is the endpoint of the zero trin?

11. In each exercise, find the missing trip.

0. 0 + 4 .

b. 6 + 0 = _ _

c. 10 +0
12. If the zero trip is combined with any other trip, what is the

re,ult?
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In c.ch exercise, find the missing trip.
-

. 4 + 4 = .

(- -4
b. 7 + 7 =
c. + =

d. 24 = o.

e. = 0.

14. Suppose 0 is the result of two trips.
a. Do the two trips have the same length?
b. Do they have opposite directions?

15. Two trips that have the same length awl opposite directions
are referred to as "opposite trips." Give the opposite trip for
each of the following.

4-
a. C b. 9 c. 10

In the Class Discussion exercises above you saw how to assign
integers to points in a line. You also saw how to take trips along
a line.

Each trip that starts at zero corresponds to exactly one integer,
and each integer corresponds to exactly one trip that starts at
zero. The table below illustrates the idea.

You can find the sum of any two iategers by using the number
line and the idea of combining trips. The :dea of combining trips is
related to adding integers. The properties of addition of integers
are summarized below.

I. The stun of any two integers is an integer.
If x and y represent integers, then .1. y represents an integer.

19



POSITIVE AND NEGATIVE NUMBERS 1 3
2. The order in which two integers are added does not affect the

sum.
If x and y represent integers, then x y = y + x.

3. The way in which three integers are grouped when adding
does not affect the sum.
If x, y, and z represent integers, then

x (y z) = (.1" + Y) + z.
4. Adding zero to a given integer results in the given integer.

If x represents an integer, then x 0 = 0 + x = x.
5. Each integer has exactly one opposite.

If x represents an integer, then there is exactly one integer y
which when added to x gives zero.
Also, if x y = 0, then x is the opposite of y, and y is the
opposite of x.
Zero is its own opposite; that is, 0 + 0 = 0.

1. In this exercise you are asked to make a slide rule for adding
integers.
a. Cut out two rectangulat strips of cardbokrd as shown in

the diagram below.
b. Mar:. off one edge of each strip into segmmts one-half

inch long.
c. Label the marks on the edges of the rectangular strips

with integers as shown below.

A Scale

r6 4 1

-4 -1
1

1 1 13 ,1-1
n Scale

20
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2. Now let's use the slide rule to find the sum 1 + -4.
a. Since 1 is the first number of the pair to be added, move

the B scale to the right until the 0 on the B scale is below I
on the A scale.

b. Since -4 is the second number of the pair to be added,
locate -4 on the B scale. Directly above -4 on the B scale.
is -3 on the scale. Thus, -3 is the sum of 1 and -4.

A Scale
6 -5 4 -3 2

1

0 1 2 3 4 5 .0

Li A_ 1_ 1 I 1_ L_I I _I_

-6 -5 '4 '3 -2 1 0 1

B Scale
12 13 di

3. a. Would you have to change the slide rule setting shown in
exercise 2 to find any of the following sums?

1 + I 1 + 1

1 2 1 +
1 + 3 1 + 3

1 + 1 4- 4

1 -1- 5 1 -4- 5

-4- 11 1 4- 0

b. Find each sum in exercise 3a.
c. Can you find the following sums with the slide rule shown

in exercise 2 if you move the 13 scale to a different setting?
Explain your answer.

I +fi I + 7
1 + 7 1 + 8

d. Use your slide rule to find each sum. This may take a little
practice, but give up.

5 5 3 + 2 3 + 2

2-i 2 4 + 5 5 +

21



POSITIVE AND NEGATIVE NUMBERS 1 5
4. a. Use your slide rule to find each sum.

1 + 1 -1 + 4 3 + 2
1 .4 -2 5 + 1 4 + -9

-3 + -1 2 + -2 -3 -I- -3

b. Is each SUM a negative integer?
c. Do you thilLk the sum of two negative integers is always

a negative integer?

5. a. [1::e your slide rule to find each sum.

1 + 1

2 + 1

1 + 3

4

2

+ 1

+ 5

+ 2 3

+ 2

+2
+ 3

b. Is each sum a positive integer?
c. Do you think that the sum of two positive integers is always

a positive integer?

6. a. Use your slide rule to find each sum.

-2 -i- 5 3-f I 6 + -4

5 + 1 -3 + 3 6 + 6

4 + 3
b. If you add a positive integer and a negative integer, the

sum can be or

7. a. Use your slide rule to find each stun.

0 1- 4

3 +^

-3 +

0 + 2
+ 0

-I +Q

b. Explain how your slide rule can he used to show that adding
zero to a given intrger results in the given integer.

8. The slide rule you used for adding integers is really a simple
computer. The diagram in figure 1 represents a computer
for adding integers that is even simpler. This computer is
(ailed a nomograph. It has three parallel scales, B, and C.

22
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Each scale is perpendicular to a zero line. The A and 13 scales
are the same distance from the C scale. The length of the
unit segment on the A scale is the same as on the 13 scale.
The unit segment on the C scale is half as long as on the A
and B scales. Make a tracing of the nomograph or make an
enlarged copy.

Nomograph for Adding Integers
C 11

6 12 6
11

5 k) 5

9
4 8 4

7
3 6

5
2 4 2

3
2 1

0 o
I

0 Zero
Line

-1 -2
-3

-2 -4 -2
-5

--3 -6 -3
-7

-4 -e -4
-9

-5 -10 -5
-11

-6 -12 -6

Fig. 1

9. Printed at the right of the nontogrnph shown in figure 2 is the
mathematict.l srlitence 1 + i, = 2.

23
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Nomograph for Adding Integers

A
6

5

4

3

2

12

11

10

9
8
7
6
5

3
2
1

0
1
-2
-3

-5

-9
10

"11
12

Fig. 2

The red line cros:.es the A scale at 4, the 13 scale at -6, and

the scale at -2. Is -2 the stun of 4 and -6?
a. Find each sum below, wing a ncinograph. Use the edge

of a ruler to line up points on the A and 13 scales. The sum

will be on the C scale.

fi + 6 5 + 5 U -1- 4

+ 1 4 -4- 4 5 f- 3

5 4- -4 0 4- 0 1

2 + 4 2 2 3f0
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b. Complete each sentence.
(1) The sum of two negative integers is a integer.
(2) The sum of two positive integers is a integer.
(3) The sum 6; a positive integer and a negative integer is

- , or
(4) The sum of an integer and its opposite is
(5) The sum of a given integer and is the given

integer.

10. Do the positive integers and zero behave like the whole numbers
when adding?

11. By experimenting with the nomograph, try to discover how
to subtract integers.

Subtracting by Adding
mmdmcmeme!. -.11Mlel11MME

Miss Thomas wrote 5" on the chalk-
board. The students laughed because they
thought Miss Thomas had made a mistake.
Alice, one of the students who sat near the
chalkboard, exclaimed quickly, "You can't subtract 5 front :3!"

"Why not?" asked 'Miss Thomas.
"Because 5 is greater than 3," replied Alice.
"Well, can you subtract 3 from 5?" asked Miss Thom;,...
"Yes," said Alice, The answer is 2."
"How do you know that 5 mints 3 equals 2?" asked Nfiss Thomas.
"Because 2 plus 3 equals 5," said Alice.
"Thoth" said Miss Thomas, "all you have to do to Iind the

difference 3 is to find a number which when :added to 5 gives 2.
"But there is no such number," pleaded
"Let's look at the nomograph," said Miss Thomas.
The nomograph in figure 3 shows that -'2 4 5 =-- 3 is a true

sentence. 'rho red line ccosses the .1 scale at -2. the U 5,

and the C scale at 3.

2u
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Nomograph for Adding
A

Integers

6

5

12

10

9

6

5

4 8 4 -2+5=3.
7

3 6 3
5

2 4 2
3

1 2 1

0 0 0 Zero

-1
Line

1 -2 -1

-3
-4 -2
-5

-3 -6 -3
-7

-4 -8 -4
-9

-5 -10 -5
-11

-6 -12 -6

Fig. 3

Now cover up the A sea... with your hand. This is like asking
"What number plus 5 equals 3?''

+ 5 = .

Or, what is the same thing, "3 minus 5 equals what number'"

3

The answc) to each question k -2. Using .tlire.s argument.

3 5 -2 liccan,e 2 + 3.

2G
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Class Disc ssion

1. Complete each sentence.
a. -2 6 = ____ because + 6 = -2.
b. 3 4 = because + 4 -- 3.
c. -1 = because + -3 = 1.

d. -4 = -.3 because -3 + -4 =
e. 5 = -6 because -6 + = 5.

2. The two mathematical :entences below are said to be related.
The first is a snbtraction sentence. The second is tin ilddition
sentence.

2 -6 -4.
4 + -6 = -2.

Write the related addition sentence for each ,,ubtraction
sentence.
a. 2 3 c. 4 -5 = x.
b . -3 2. = x. d. -5 -6 = x.

3. Suppose you want to find the difference of -3 rind 2.
a. 13egia by writing a subtraction sentence that has -3 2

on one side.
b. Write the related addition sentence.
c. Solve the related addition sentence,
d. (Med: your solution using a nomograph. If your solution is

correct, it is the difference of -3 and 2.
4. Suppose you want to find the difference of 5 and -2.

Follow the steps below.
a. Write a subtraction sentence.
b. Write the related addition sentence.
c. Solve the addition sentence.
d. Cheek e solution of the r.o.E+;1no.on sentence using a nomo-

graph. if ).our solution is correct, it is the difference of 5
and -2.

S. a. What i the sum of 4 and -4?
b. Is the sum of an integer and its opposite always zcio?
c. What is the sum of any given integer and zero?
d. Is the sauna of a given integer and 7.41.0 4 ver zero?
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6. Use the ideas in exwise 5 to find the difference of 5 and -4.
a. Follow steps (1) through (7).

(1) Let x represe it the difference. x
(2) Write a subtraction sentence. 5 -4 = .r.
(3) Write the related addition sentence. x + -4 = 5.
(4) Add the opposite of -4 to

each side. (x + -4) + 4 = 5 + 4.
(5) Group -4 with 4. + C4 4- 4) = 5 + 4.
(6) Find the sum -4 + 4. x + 0 = 5 1- 4.
(7) Find the sum x + 0. x = 5 + 4.

b. Conipare the open sentences in steps (2) and (7):

1 =x and x = 5 + 4.

c. Do you agree that 5 -4 = 5 + 4?
d. Do you agree that 5 -4 = 0?

7. Does vaptracting on integer have (he some effect os adding its
opposite?

8. Explain what the title of Sect 3 means.

9. Which of the following sentences are true?
a. 9 = 0 + -5.
b. 4 1 = 4 4- -1.
c. 7 (1 =7 +-6.

10. Suppose you have ten marbles and lose five.
a. Expre.,s this idea as the difference of two interers.
b. Express the same idea as the sum of two integers.
c. Does subtracting dositive inte,,cr have the sonic effect

as adding its opposite'?

11. Suppose you are penalized five yards in a football game. You
can use the integer -5 to describe this situation. Sup;mse next
that your opponent declines the penalty. This i,. like taking
away a five-yard penalty.
a. Express the above idea As the difference of Iwo integers.
b, Express the same ilea as the stun of t vo integers.
Co Does subtracting a negative integer have the samc, effect

as adding its opposite?

2d
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Summary -3

1. When working with whole numbers you cannot Subtract a
larger number from a smaller number.

2. With integers, however, you can subtract a larger numbe
from a smaller number. For example, the difference 2
equals -5 because -5 + 7 = 2.

3. One way to find the difference 2 7 is to change 2 - 7 to
2 + -7 and then add. It is because we can do this that the
present section has the title "Subtracting by .1dding."

4. Subtraction of one integer from another is always possible.
If x and y represent integers, then x y represents an integer.

5. Recall that if the order in which two integers aie added is
changed, th^ sum is still the same. For example, 2 + -3 =
and -3 + 2 = -1. Subtraction of integers does not have this
proparty. Only one example is needed to show this:5 - -1 = 6,
Ind -1 5 = -6. When the order of two integers in a :0,1)-
t raction is changed, the difference are opposites of each other.

6. Recall that when adding, the way in which three integers are
grouped does hot affect the stn. Subtraction of integers does
not have this property. The two mathematical sentences
below are suflie:ent to show this.

2 (e- R) = 2 (3) = 5.
(2 8 = (73) 8 =

7. Slide rules and yomographs can he used to add integers and
to subtract integers. Of course, if you want to subtract 570
from 2,471 you will need an awfully hig slide rule or nomo-
graph.

Eiwcise.-4

1. Use any method you loam- to find the following differences.

1. 5 -R d. 11 -S g. -2
b. -6 - 2 e. 14 20 h. -12 -12
c. 4 10 F. 6 - -6 i. -21 21

2 9



POSITIVE AND NEGATIVE NUMBERS 2
j. 17 IS n. 27 r. 35 0

k. 43 -43 o. 27 -56 s. 13 -20
I. -43 -43 p. -27 -56 t. -20 -13
m. -43 -43 q. -14 0

3

2. Find the difference -4 2 using the slide rule that you made
for adding integers.

a. Move the B seak so that 0 is below 2 o;. the A scale.
b. Look for -4 on the A scale,
c. Read the difference (answer) from the B soak directly below

-4 on the .1 scale.

[.4 Scale
-6-5 -4 -3 '2 '1 0 1 2 3 4 5 611111IIIII_L

.1-----111----1111 T-r 1"C -5 -4 -3 -2 -1 0 1 2 3 4 5 6II Scale

d. Is your answer -6?
a. IS it true that -4 2 = -6? llow would you check?
f. Is it true that -6 + 2 -4? ('heck your answer by using the

slide rule.

3. Find r: wit difference using the slide rule. :'11( ck ca h answer
by adding.

a. -6 j. n 6 s. -2
b. 1 -5 k. 2 L. ti 5

c. -2 3 v. 1 -5
6m.d. 2 -3 m v. -1

e. -3 2 1.. i -- 1 w. -4 --I

f. 4 -2 o. l 2 x. ti -4
g. i -3 p. -2 2 y. -2 -5

q. -2 1 z. -3 -6
1. 0 -3 r. -2 -3

30
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Looking for Patterns, Stretching, and Reversing Trips

You may not recognize it from the title,
but this section is concerned with multiplica-
tion of integers.

Recall that the positive integers and zero
behave like whole numbers when adding. The
same is true when multiplying. Look at the
"2" table at the right. A dot (.) has been used
to show multiplication. TILL part printed in
black is a multiplication table of 2's for whole
numbers. This part is also a multiplication
table of 2's for positive integers and zero. Tha
red part involves multiplication of negative
integers.

We will call the number before the dot the
first factor and the number after the dot the
second factor. The number following the
equals symbol " =" is the produce.

Look for a pattern in the table. Notice
that the first factor is the same in each line.
The second factor decreases by 1 1. ith each
line. What happens to the produ,

11.

"2" Table

2 9 = 18
2 8 = 16
2 7 = 14
2 6 = 12
2 5 = 10
2 4 = 8
2 3 = 6
2 2 = 4
2 I = 2
2 0 = 0
2 -I =
2 -2 = -el
2 3 = -6

Cluss Dkcussion ,4a
tviik

I. Suppose you continue the p.,ttetn started in the "2" table.
The next line will he

2. 1 8,

a. What till the next line be? And the lip 0 after lb it?
b. is 2 the first factor in each line?
c. Dcx s the product decrease by 2 N1 MI each line?
d. Do you think the !rod iet of 2 and a negative

aNays a negative integer?

31
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2. Make a "3" table. Use 3 as the first factor. The first two lines

of your table should be

39 = 27,
38= 24.

a. Does the product decrease by 3 with each line?
b. Do you think the product of 3 and a negative integer is

always a negative integer?

3. Make a "4" table.
4. Make a "5" table.
5. In the tables you made, is the product of

a positive integer and a negative integer
always a negatir., integer?

6. Another "2" table is started at the right.
In this table, 2 is the second factor in each
line.
a. Describe the pattern of products.
b. Do products in this table decrease by

2 in the same way as in the first "2"
table?

c. Do you think a negative integer times
a positive integer always equals a neg-
ative integer

7. Make a "3" table having 3 as the second
factor.

8. Make a "4" table having 4 ,ts; the second
factor.

9. Make a table having as the second

AnotherV Table

9
8
7
6
5
4
3
2

0
-I
-2
-3

5

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

= 18
= 16
= 14
= 12
=
= 8
= 6
= 4
= 2
= 0

=
= -6
=
=-10

fa,tor.

Because positive integers behave like whole numlicrs whet !
multiplying, you know that the product of two positive integers
is always a positive integer.
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On the other hand, the patient of products in each table shows
that a positive integer times a negative integer is a negative integer.
The order of the factors does not matter.

Class Discussion 413

1. Look for 0 pattern in the "-2" table at the 2" 1'0,1.. 7
right.

-2 9 ---a. 1)o the products increase by 2 with -2 F3 = -i6
each line? -2 7

12b. Continue the pattern of products on -2
the blank lines. --2 4 = -8

-2 3 -6
c. Does the pattern suggest that the -2 2 =

product Of two negative integers is 2 I =
positive? -2 0 = 0

-2 -I 2

2. Make a "-3"

3. Make it "--1- taut .

4. 'Ai:Ike "-5" table.

- 0
t

-,-1-19.c,

from Summary 4:t you knoW that

1. TN' pr(Alact of :1 positive integer times a positive integer is a
i)osiiive integer.

2. The product of integer lime. a negative integer is
a negmirt integer. 1.11c lade" of the factors (111'S nut matter.

The Class 1)1,1 Ussioll (Act i r aboV(` s11011111 11:1V0 onvinred :colt
I 11 at

3. 'Ha, product of a negative !int( - ;1 negative integer is
a positive integer.
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4. The product of any given integer and zero is zero.
5. The product of any given integer and one is the given integer.

Class Discv-sion 4c

Let us turn again to the idea of taking trips alo.ig a number
line. However, this time We shall consider only trips that start at
zero. With this agreement, let 3 symbolize it trip of 3 units east
that starts at zero.

1. Multiplying by a positive integer greater than 1 call he though
of its stretching a trip. For example, 2.3 can be thought of

2 3
The first factor 2 tells you to stretch a trip of 3 units east I,
twice its length. The diagrau illustrates the idea.

Original Trip

West
6 1 4 6 7

.East

Trip tit ret, bed lo a l'aCtor d2

a. Is it true that 2-3. =
b. Does ttlaysent it trip of ti units east?

2. What would multiplying by a factor of 2 (I() to a trip of 3 mil'
west?
a. Make a diagram to show your itts-cr.
b. What is the direction of the resulting trip?
c. What is the length of the resulting trip?
d.
e. 2. 3 =

3. Nlifitinlying hy -I can he thoup,(fit of as reversing the directi
of a
a. -MA(' a diagram that shows the nip and tiho the

indicated by -1 ..2*.
b. a diagram that ..tows the trip .3 and aho the

indicated by -1 3.
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4. 'Multiplying by -3 can be thought of as reversing the direction

of a trip and stretching it to three times its length. For example,
-32 can he interpreted as

3 9

The diagram illustrates the idea.

Original Trip
1 1 EastWest E

-9 -8 -7 -6 -5 -4 -3 -2 -I 9 1 2 3 4 5 6

Trip Multiplied by -3

a. What is the direction of the resulting trip? Is this opposite
the direction of

b. What is the length of the resulting trip?
c. Write a symbol for the resulting I rip.
d. -3.2 =

5. Nfoke a diagram to illustrate that

1 2 = s.
6. Decide which sentences are true and which arc false.

a. -I. 5 == 20. e. 0.10 ---- 0.

b. 4 5 = 2n. f. 10.0 = 10.

c. (1 a = 18.

d. 0. 1 =

. -
g. i 0 ,-- 21.

7. Make each sentence tote.

a . _ 7 2 1 . d. 1 7 =

b. 25. e. 1

C. 8

8. Mahe each -(111411(

a. 1(.2. 3) c. (7, 2) I1
_ -

b. 2 .3). 1 d. ts2. *O =
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Exerci.,1-40

1. A multiplication table for in-
tegers is started in figure 4. Copy
and complete the imfinished
table. Follow steps la and 11).
a. Find the pat (ern in each row

that is st:Ilted. Complete the
rows that are stioted.

b. Find the pOtern in each
column. Cony lete the col-
umns.

5 9 8

9

B

7

6

(5'

3

2

0

1

2

-4

'5

-7

-9

Locating. the
Product of 4 and
3 in the Table

29

) Second
Factor

First -- .12)
_

Multiplication Table for Irorlars

7 6 1 5 A 1(311 2 11 0 1-1 kr121-31-41-5 -6 -7 -89-

, - 1 ;

I 1 : il 1 1 i1 I

36 30 24 18 12 ' 6 0 :16 12
;- 1 s r

30 25 20 15' 10 1 5 0 -5[10. -' -i",-- -I-
2420)6 .i.172.) 8 .4

18l5 12 9 I 6 : 3 I 0 36 i i

+ 1
,

,I2 101 8 6 1

4 2 0 -2 -4 II I 1

I 6 54 3'2 1 I 0 l'll -2

0 0 0 00010 0 0 I

. . ,

6 -5-4 "3 -2 -1 0 1 2
I , 1111111

1

. i I I I I I 1 t .

'l I 1

t ' . .. _

.
. 1 ,

i I I i 1

t t

I I 1

I

!
, t 1

I I 1

J J

I 1

1 I '

I

Fig. 4

3 6
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2. Use the Ittble you completed to answer the following:
a. What result do you get when you Multiply airy integer by 0?
b. What mull do yell get when you multiply a give.] integer

by 1?
c. -5 ---6
d. -6-5
e. Does changing the order of the factors when multiplying

change Ilk result?

3. Multiply inside the parentheses first. Then multiply by the
number outside.
a. (-2.3).-5
b. -2 (3.-5)

4. Multiply inside the parentheses first. Then multiply by the
number outside.
n. 6 (-4
b. (6 -4)---3

5. a. Did you get the same result in exercises 3a and :3b? In
exercises 4a and 4b?

b. Do you think changing the grouping of three integers when
mullipiying changes the result' Or does it leave the result
unchanged?

6. Find each product.

a.
b.
c.

7 --2
-3 S
5 li

k.
I.
m.

25 -1
-25.-4
16.-15

d. 14.-5 n. -1S-1S
e. o. -1S18
f. 17.-2 p. 21.-4
g. 3 10 q. 15. 11

h. -15.0 r. -11 15

1. 0 -156 s. -24.-111
-25.4 t. 10 2I

7. :11,L1.;e earl] scalcmc

a. 5 _ = 20. c. _ --3 15. e. 2.
b. -S.2 d. 6-12 . f. _ 11
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Exerclses-4b

i. Division and multiplication of integers are related in the same
way as division and multiplication of whole numbers. For
example,

12 ± 1= 4 hecalH, 4.3 = 12.

Bere is a :theme for using the relation between division and
multiplivation of integers to find quotients. Find the diagram
below in the multiplication table for integers.

'{19

This part of the table tells yon that

5-2 = -10.

10 2 = 5,

I0 5 = 2.

It also tells you that

and that

2. Look at the multiplication table fru integers which yon ..0111-

pleted. Find -IS in the body of the IiibIe. Hoe,. many times
does IS appear in the body of the table? Check to see if each
:4entettee is true.
a . -114 ti e. -IS -:- 9 = -2.
b. -1S - -11 =3. f. -IS -9 = 2.
c. :1 - li. -IS -:- 2 = -9.
d. -15 -3 = h. -IS -:- -2 = 9.

3. Make each :-clitencii I I 110.

a. IS 2 = 9 becate.c 9-- 2
b. 27 9 Ix.c:{11-, ' = 27.
c. -25 -i.- 5 5 Iwcati-e 5

d. 1.°) kovcau-c = 15.
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e. -2 = -5 because -5.-2 -
f. -14 ± -7 = because = -14.
g. -10 ÷ -s =

_

_ - -10.
h. -30 = _ because _ -6 = -30.

4. Does 7 ± 3 equal an integer?
b. By what integer can you multiply 3 to get 7?
c. Does -9 - 2 equal an integer?
d. By what integer can you multiply 2 to get -9?
e. If you divide a given integer by another integer do you

always get an integer for the quotient?

5. Trying to find an integer z which makes it true that
÷ 0 = x

is like trying to solve the multiplication sentence

a. Is there a replacement for .1- which mak,,s the multiplication
sentence true?

b. Is it pos,ibIe to divide 5 by 0?
c. If an integer is different from zero, is it possible to divide this

integer by 0?

6. a. The multiplication sentence.s on the left below ran be obtained
from the multiplication table for integers. Try to complete
the related division sentences at the right.

I . 0 = 0. 0 ÷ 0 -- I.

7.0 =0. 0 ÷ 0 7.

3.0 = 0. 0: 0
0. 0: 0=

b. pm see that 0 ÷ U does not represent a dcfinirc number?

Division of any miniber different from zero by 0 ii,
;.1:111 0 : tl do, not repro -rot n 4h-finite rnitilk.r. rca.nn,
divi,ion by (1 clot allnwcd.

7. o. Show by using inultiplicatiou that 0 -
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61. Is there an integer that equals 0 ÷ -0? How do you know?
c. Do you think -:-- = 0 for every integer x except 0?

The last three exerei,es make two things clear.

(1) Division by zero is not allowed.
(2) You can divide 0 by any number except 0.

Exercises-4c

1. Suppose you have four downs in a football game. On the first
down you gain 3 yards; on the second down you pia 3 yards;
on the third down you lose 4 yards: and on the fourth down
you also lose 4 yards. You can compute the net yardage in two
different ways.

(2.3) + (2 -1) = ri + -S.

2.(3 + 1) = 2 1.
a. Is the net yardage in each case a loss of 2 yards?
b. Is the following senteure true?

2(3 + -1) = (2.3) + (2 -4).

2. Suppose that on Monday you lose -1 marbles, on Tuesday you
win 5 marbles; on Wednesday you lose 4 marbles: and on
Thursday you again svin 5 marbles,

a. ('an you compute the net result using the expression below?

2( 4) + 2(.;)

b. In what other way might you compute the net result?
3. Make each sontence true.

a. -2 (-3 -1 7) = (-2 -3) ____)
b. -.1 (- -()) = (-4 :-.)) 4 (-- 1 -6).
c. If .r, y, and z represent integers, then

I Or 4 z) = ( 1 1.r, ).

40
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Absolute Value
MINII.116.11111.r1MLI2WEMMIMMOVIMMIMI

How far from integer to zero place
Is absolute value in any case.
In either direction that you zip
It is the distance of the trip.

no you like the rhyme ". It tells you xvhat "absolute value" means.
Look at the dir.'r,rom below, Notirc that -4 and 4 :re the same

ili4ance from zero, even though they are on opposite sides of zero.
In ea.41 ease, the distance from zero is 4 units.

',*---Distance---4. Distancepi
4 4

1'6 -1
. .

1 2 3 4 5 6

like distance of an integer from zero is called the absolute inIUC
of the integer. Thus, the ,absolute value of -4 is 4, and the absolute
value of 4 is also 4. The two mathematical sentences below provide
us with a short way of expressing these ideas. The English sentences
on the right tell you how to read the mathematical sentences.

;4, = 4. "The absolulc value of 4 is equal to 4."

- 4. "The absolute value of -4 is equal to 4."

Class Discussion 5a

I. What days ah(Ilute value mean ;kccokiing to the thyme r.kbove?
2. Look 81 the open -cntetic4, below.

a. 11 II3I rept:wcroCIII:, for .r make the sentence tine?
b. Flow nukny solutions lbws the open senleuce hiiv,.?

41
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3. Below is a mapping diagram. Each arrow directs you front all

integer to the absolute value of the integer.

Integer Absolute Value

0 0
-1

2 ----___

-4_ _______

5 --------
5

a. What is the absolute value of -10: 7; -13.'
b. Is the absolute value of an integer also an integer?
c. Is the absolute value of an integer ever a negative integer?
d. how many integers can have the same absolute value?
e. Is it true that 1-41 =
f. Is it true that O = 0?
g. Is zero the absolute value of any integer besides itself?

Summary--Sa

I. The tik,olute value of a positive integer is the integer itself.
Example: ;51 = 5.

2. The ilr'olute value of zero is zero.

ExtIll1Ple: ti ():

integer is a positive integet.
Exalliple: 4 is a negative integer.

= 4, hick is the opposite of 4.

4
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4. The absolute value of an integer is nerer negative.
5. An integer and its opposite have the same absolute value.

Example: 1 -7i - 7.
171 = 7.

It follows that 1-71 = 171.

Exercises-5a

1. Complete each sentence.
o. 1-10; = d. 110 201 =
b. l2, = e. 1-10 + 20; =
c. 101 = i20 l01 _

2. a. 13 - 5; equals
b. 15 31 equals
e. Is 13 - 51 less than, equal to, or greater than 15 31?

3. In each exercise compare the numbers represented by the two
expressions.
a. 1-6 41 and 14 li
b. -5, and 1-5 8;

e. 0 - -51 and 1-5 0'

4. Which sentence is true if .r and y represent integers?
a. <
b. y; = 1y x1.

c. 1x > 1y

Class Discussion 51)

1. You have learned to :aid integers by combining gains and losses.
and by combining trips along a numher line.

a. U,e the idea of i'entliining trips along a number line to filod
tl -inn 3 -1- -5 N1nylP you rllrcady 1:111)w a :-.111,1.1cul fc,r

I ling Iwo la '4:11 ive ititcp-rs. hoe cx:imple, you ni,iy hive
"1 loom lint 3 5 equals S. Sinn bo111 grips :Ire

wi I, my answer is -8." If yon flit] the pr4,1,1k in in this way.

40
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you really used the idea of absolute value. To see how absolute
value is used to find the sum of two negat ive integers, complete
the sentences below.

b. 1-31 = ; 1-51 =
c.
d. The opposite of S is

2. Use the idea of absolute value to find the sum 7 -4- -4.
a. 1-7; = __; 1-4; =
b. 1-71 +

The opposite of
d. Now add -7 and -4 using the idea of combining trips along

a number line. Does your answer agree with the result you
got in exercise 2c?

e. Can you find the sum of two negative integers by adding their
absolute values and taking the opposite of the result?

3. Use the idea of absolute value to find each sum.
a. -83 + -96
b. -S62 + -284

4. Do you think the idea of absolute value is useful in finding the
sum of two positive integers? Try using the method of exercise 2
to find the sum 6 + 4.

(')1 = --; 41 =
b. 161 4 141

c. Does 6 -f 4 et-ittal 10?
d. Is the sum of two positive integers the same as the uirrt of

their absolute values?
5. a. Use the idea of combining trips along a number hire to find

the sum -7 + 3.
b. Can you find the sum of a positive integer and a negative

integer by adding their absolute values?
c. ('an you think of a way of ridding -7 and 3 uit bout actually

counting unit segments on the number line?
6. If your answer to exert ise 5r is "yes,- you ntay have re:I.:ono]

something like this; "I am to go 7 units west and then 3 units
east. Since 7 is greater than 3, 1 will subtract 3 from 7. The
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difference is 4. Since 7 is greater than 3, I have gone farther west
than east. My answer should be 4 units west, or -4." Let us
translr.te this into "absoluie value" language.

ENGI,r,11
Vr.1-1."

1,1N:wt. (,)-

1 am 4.14, 7 1111111:1 W(1,1 :11111 1/1(.11 .1 Uhl:, -7 + ?

Since 7 i:-. g,e; ;(111.1:m 3,
I will ,1111../a.,1 3 ft in 7. Tlie difff.mtwe i, 4.

Since 1

1

7

131

>
=

1:3',

4.

Since 7 greltor Ihun :3, Sirinc. 1 71 >
I IrIvegHile faiiher wc..1 thin ca-.4.

)1,1- ili tier,hunit h. 4 +

a. ('omplete each rentenee right.

FAGL4...4i N.G(.

1 n!li P. r orol
S1' ii 15 gi e:OE'r Iliart 6,

%%ill I.). The
111311

1 have pole farilwr ea.l thrtii
1.Vly rir,uer ,hrqlel be 4 altit;

".111,11::.1.111 t"/:'
1. %;o:

?

[iv 1 > I
I I I .

;-1-1111.E. > 1

b. l'se the idea of absolute value to find the sum 16 -t- 2S.
c. Use the idea of absolute value to find the stun 1111 4- 510.

SummarySb

I. To find the sum of two positive integers, final the stun of their
absolute

2. 'l'o find the sum of two negative integers. find Ilw stun of
their absolute :dues and take the opposite of the

find the sum of a positive intcgi r and a ncgative inicger,
begin by subtko Ong the :1111411114 valve 11..111 1h peat( r
absolute coke. If the ger ha. 011-,4111,4

value, the slim i, poitis-e. If the negative integer has the
greater ab.solute value, the sum is negative.

43
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Exercises-513

1. Find each stun, using the idea of absolute value.
a. -0 4 7 e. 12 + -7
b. -13 + 9 f. 35 + -78
c. -9 + -3 g. -10 + -4(1

d. S4 + -27 h. -07 + -28

2. a. Suppose both .r and (/ represent negative integers, then
+ y - the of +

b. If both .r and y represent positive integers, then J. +

3. a. Does S + 4 equal +
b. Does the absolute value of the sum of two positive integers

equal the stun of their absolute values?

4. a. Does -7 + = -7, +
I. Does the absolute value of the rum of two negative integers

equal the sum of their absolute values?

5. a. Suppose both x :111(1 y represent negative integers. the
following sentence true?

+ !1 ix +
b. Is this sentence (rue if x and both rupee:41u positive integers?

Exercises Sc

The idea of absolute value can lie used to find the product of
two integers. l'se Ihe inks below as a guide.

11) First find 1111. product of the absolute values of the two
integers.

(2) If the tun I hi" of 7.e1.11. the product
is positiNe.

(3) If the tsvo integers no. on opposite sides of Zoro, 64 product
is negative.

(4) 1f either integer is zero, the product i, zero.

4 t)
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1. Find the product "3-5.
a. 1-31'151 =
b. Are -3 and 5 on opposite sides of ze;o?
c. Does -3.5 equal the opposite of 1-31.;51?
1. -3.5

2. Find the product -4.-7.
a. 1-41 .1 -71
b. Are -4 and -7 on the same side of zero?
c. Das 4 7 = I-41.1-71?
d. -4.-7 ---

3. a. Are 5 and 6 on the same side of zero?
b. Does 5.6 =

4. Find each product.
a, -10.0
b. 0 -7

5. Use the idea of absolute value to :ind each product.
a. -15.14
b. -10.-36
c. 100.-100

-10
a. 1(-7.-2).-6V1

6. Which sentence is false?
a. 1-5!1-71 = 1- * -7L
b. 1611 -9; =
c. 1-318; 1.-3-81.

7. Suppose x and y represent intei-rers. Are there replacements for
x and y that make the following sentence false?

1.7(1!/I =

, .

Summary--Se
-4,-.erte.-s-4.444,..,

lhe product of two positive integers is positive.
The product of two negative integers is positive.
The product of a positive integer and a negative integer in either

order is negative.

4",
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The product of any integer and zero is zero.
The absolute value of the product of two integers is the product

of the absolute values of the integers. That is, if x and y represent
integers, then

kYI i"1!ik
Summarized below are statements of the properties of multipli-

cation of integers.

1. The product of two integers is art integer.

If .r and y represent integers, then xy represents an integer.
2. The order in which two integers are multiplied does not affect

the product.

If x and y represent integers, then xy = yx.
3. 'The way in which three integers are grouped when multiplying

does not affect the product.
If x, y, and z represent integers, then .r (yz) = (.r z.

4. The product of ;tny given integer and 1 is the given integer.
If x reprrsents an integer, then 1.x = x 1 = r.

5. The product of any given integer and zero is zero.
If x represents an integer, then xfl = 0.r =

6. Multiplication of integers distributes over addition of integers,
If r, y, and z represent integers, then

x(y (xy) (.rz).

6
.

Traveling on the Rational Railroad

The National Railroad gives the public unusual service.
trains stop at the station. Train No. I stops ;it every mile in;irker.
The diagram shows several mile markers east of the station.

Wect.,
St ; lion

LNt
t.lic

3mi.
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Train No. 2 stops at every mile marker and halfway between

every pair of mile markers. The distance between stops is !, mile.
The red marks in the diagram below indicate stops for Train No. 2.

West 4 I .East
Station 2mi. 22 rni. 3mi.

Train No. :3 stops at every mile Marker and also at points that
are and 3 of the distance from one mile marker to the next. The
distance between stops is mile. The red arrowheads in the diagram
below indicate stops for Train No. 3.

West r H IF T East
Station ; I 14 1 2 24 2i 3

mi. mi. mi. mi. mi. mi. mi. mi. mi.

'Train No. 4 stops at every mile marker and at points that are
1, and 3, of the distance from one mile lThiuker to the next. The
distance between stops is mile. The red blocks in the diagram
below show stops of Train No. 4,

1-1

West , -- 111 * S I
Station it 1

4 2
I

4 2

-1 it -
II 2 24 22

mi. mi. mi. mi. mi. mi. mi. mi. mi. mi.

____L,r.ast
21 3
mi. mi.

suppose that the pattern of stops for Train Nos. I, 2, :3, :ma 4
continued for each additional train that is put into service, and

that the supply if trains is unlimited. The distance between stops
for Train No. 5 will be mile. The distance between stops for Train
No. Co will be R mile, and so on. Von can see that if the Rational
Railroad pots more and 11101V trains into service, stops become
closer closer.

For :my stop east of Ila station thane is exactly one slop that
is the saute di -lance west of the station. ee the diagram blow.

West
5

'the diagram shows that mtmkrs cast he assigned to stops on
the Rational Railroad. Lel ti.z call the nundwrs that are assigned



POSIIIVE AND NEGA1LVE NUMBERS 4 3
to stops east of the station po8itire rational numbers, and those
that are assigned to stops west of the station negatire rational
numbers. The number assigned to the station stop is the rational
number zero.

The set of numbers that can be assigned to the set of all stops
on the Rational Railroad is called the set of rational numbers. There-
fore, you can think of the Rational Railroad as a number line. As
She diagram above clearly shows, the integers belong to the set of
rational numbers. In other words, the set of integers is a subset of
the set of rational numbers.

Closs Discussion a

1. Make a copy of the number line below and assign numbers to
all points indicated by dots.

.-- _ --4 0 1 2 3 4

2. Use the idea of successive trips along a number line to find each
sum.

1 - 1a i -r ;-2 e. + 2-
2 4

I I 1

+ 2--
1f. 32
4h' i + 4

d. 2.11 -4 14 h. I- + 24

3, What number is the opposite of each of the following?

- I
a. -1 d g.

b. e. -241 h. I1

1

C.
3

f.
t

1

3
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4. For each number listed in exerci,e 3, find tl ^ sum of the nutnber

and its opposite.

5. To subtract one integer from another, you added the opposite
of the second integer to the first. lse this idea to find the differ-
ence in each exercise. Use a number line if you wide.

1

a. 1

b.
1

4

I

2

1

')

e.

1f. 3

-1

-1

1 1

e 2 4

cf. :3,

- 1 1

g. 1., .3,r

,,-/-, 4. Summary-6a

ilelow is a
fluvial pers.

1. The sum of two rational munbers is again a rational number.
If and y represent rational numbers, then -f y represent,
a rational number.

2. The order in mhich two rational numbers are added does not
affect the
If .1 and y represent rational !lumbers, theft = Y

3. The way in which three rational number.: are grouped mian
adding doe, not affect the suin.
If .r, y, and z represent rational numbers, then .r fy z)

(r 4 z.

1. 'nu. :-411)1 of :lily given rational 1111m1fil. :ifid zero i. She given
int num1K.r.

If .r 1(Th-eras a rational number, tlit tt r (.1 .r.

I:vet y IMinhur lit' exactly one opp,l,ile. The sum of
:1 rational number and its opposite is zero.

summary of the properties of addition of rational
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If represents a rational number, then there is exactly One
rational nundwr y such that .r -f y 0.

Zero is its own opposite: that is, 0 -4- 0 0.

If A' and y represent rational numbers, then the difference
equals .r -y. The symbol -y may either he rend the opposite of
y" or "the negative of y."

Exercises-6a

i. Make a copy of the number line helots and assign minthers lo
all points indicated by dots.

--

4 -3 2 -1 0 1

- -
2 3 4

a. Find tarp sum. Use the number line above if yim tsi h.

- 9 -31

2 + 1T1 t +1

b. Find each difference. Use the number line above if you wish.

2- 0

- 1 -2-
2. Make a copy. of the number line below and assign numbers to all

points indicated by dois,

.
-2 -1 5 1 2

a. Find each sum.

_ 9
+

7

1 2_



4 6 rd,r +n:

b. Find each difference,

;.; 1: 17 7
1

e e r 7
97

3. Recall that the absolute value of an integer is delved as the
distance of the integer from zero. The absolute value of a rational
number is defined in the same way

a.

b. Is it

c. Does

^J

true that

7! ,71

9 -7._ .)
a. -.; =

71'
3?

4. Use the idea of absolute value to find the sum 3

131IH- =
'-II

b. Is it true that

711

-9
5. Use the idea of absolute value to find the sum

5

-
1 -2

of 11 i2.b. + equals the _ oi :. +
5 5

I .) 1 1.
1 )

C. 4 =.; .1

1 16. a, is it true that

1 2
b.

56.
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7. Use the idea of absolute value to find each stun.

3 5 :i - 1 2 3c -..; + 1.. b.
--4-

-I- 1-
,-)

c. d.
I 1 4 .1

3 ,1

S

Class Discussion t 6b

To find the product of two rational numbers, tine the rules below
ns a guide.

(1) First, find the product of the absolute values of the two
rational number.

(2) If the two rational numbers are on the satire side of zero, the
product is positive.

(3) If the two rational numbers arc on opposite sides of zero,
the product is negative.

(4) If either rational number zero, the product is zero

-2 :i1. Find the product - I se the steps below as a guide.

,a. First, find the product of the ahsoluto values of and

1 .5 1

(Recall that :-4

7' 1 5'1 20 10

b. Are and on opposite sides of zero:'

-2c, Does 3 equal a negative number?

d.
2 :i

2. Find the product 1. 1.'se the steps below as a guide.

a.

f.
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b. Are 7'-and on tae same side of zero?

9
c. Does equal

3 5 3

-2 1

d.

3. a. Does 4 = 41.11?
-1 5 4; 15

:3 4
b.

4 5

4. Find the products.
1 3

0 :3

3 9
b. 7....-;

. 1 l

:3 -2 -') :3C;;. -; f. '--

d.

e.

3

3
T.. '
0

2

-2
.T..

i

5. Find the products.
3 5

a. d.
0 :3

-3 5
b.

:

-3- e.
.)

-7 -2 f.

6. a. Does each product in exercise 5 equal 1?
b. Find three ether pairs of rational numbers such that the

product of each pair is 1.
c. If the product of two numbers is 1, each number is the

3 7 110
reciprocal of the other. What is the reciprocal of

2

d. Is there a rational number .r that makes the following ;..en-
!ewe true?

-1
1-

2

1

-3

-.3

-2
:3

:i
'7

-1
3

10= I.

e. Does zero have a reeipt eal?
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7. In working with integers you may have discovered that the
quotient of two integers is hot always an integer.
a. Does 7 4- 2 give you an integer for an answer?
b. Here is another way of asking the sante question: Is there

an integer x for which it is true that 7 4- 2 = x?

8. In working with rational numbers, division (except by zero)
is always possible. Let's explore how to find the quotient of
two rational numbers.
a. Division and multiplication are related. For example, to

divide 42 by 7 you need to find a number x such that
x 7 = 42. Do the two open sentences below have the same
solution? How are the two sentences related?

42 o f= x.
x 7 = 42.

b. Look at the next two sentences.

3 3 1

10 5

1 3 3

5

Is the sewn 1 sentence true? Is the first sentence true?
9. Look at the last two sentences again, and pretend you don't

know what the quotient is when yot divide by

3 3

10 5
x.

3 3

Do the two open sentences 1::ave [he same solution?
a. The steps below slimy how to solve the open sentence

3
= Inc first step each side is multiplied by the

:t
rceoprora/ of Why can you do this?
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(1) Multiply both sides bv

with(2) Group :3 wiln
:3'

(3) Find the product '1
:3'

(4) Replace x1 by x.

(5) Find tho product '--i

10
3

'?

b. The rational number e!- i; the solution of

3 3

o 10

( :3)

k 5/ :3

)
li 3/

,
X 1

.0.

X

=

=

=

.3

10

10

3

10

:3

10

3.

:3'

3'

5
3'

c. Is also the solution of the related division sentence?

3 3

10. Solve the open sentence by solving the related multiplication
sentence.

3

Job a and David were doing their homework. 'Ile con-
versation went something like this:

John: Dave, suppos.:! you had to find the quotient s

Why couldn't you just divide S by 2 and 21 by 3? Since
S divided by 2 is and 21 divided by 3 is 7, you'd get

for an answer.
7

Darid: Well, let's see if this checks. -/- s and it does

work in this case. But does the scheme work in all eases?

John: Here's an example in which it doesn't work. Find the
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3 2quotient --. You can't divide 3 by 2, and you can't
5 7

divide 5 by 7.

David: Don't give up so easily. You know that you can multiply

tha numerator and denominator of 3 by the same

nonzero whole number and still have the same rational
number. So multiply the numerator and denominator

both by 2. This gives you
10
CI-

'
and you can divide 6 by 2.

John: Yes, that's great, but you can't divide 10 by 7.
David: All right, just multiply both the numerator and de-

nominator of by 7.
10

Join?: Let rue get this down on paper so I can remember how

it's done. We now have 5.2..7 2
, and canceling the

2's in the numerators and the 7's in the denominators
3.2 .1 2 3.7\re ÷ 7 =

David: Look, John! You could have found the same thing

right away if you had multiplied by the reciprocal of
7

This is what you have as a result.
Now you know why people started multiplying the dividend

by the reciprocal of the divisor when dividing rational number s.

Suoittnirylb 114

Summarized beim are properties of multiplication of rational
numbers.

1. The product cf two rational numbers is again a nilioind
number.
If .r and y rep] esent rational numbers, then .r y repiesents a
rational numb( r.
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2. The order in which two rational munbers arc multiplied does

;A affect the product.
If .r and y represent rational numbers, then xry = y.r.

3, The way in which thre rational numbeN are grouped when
multiplying does not affect the product.
If .r, y, and z represent rational numbers, then .r(yz)
(r'?!) z.

1. The product of any g:ven rational numher and 1 is the given
rational number.
If .r represents a rational number, then x 1 = 1..r x.

5. The product of any given rational number arid zero k zero.
If .r represents a rational number, then x (1.r = 0.

6. Multiplication of rational numbers distributes OVer addition
of rational numbers.
If .r, y, and z represent rational numbers, then .r (r z) --
(xy) -F z).

7. For each rational number .r, except zero, there is exactly one
rational number y (called the reciprocal of .r) such that
,ry 1.

Exertises-4

1. Find the products.

2 3 ,)
C.

o

1 :3 2 3

3 4 of

2. (tive the reciprocal of each trundle...

a.

b.

c.

3

e. It)
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2. Find each quotient.

a.
5 s
3 3 2 -4

4e.

5 5 7 9
C. s f. y

General Summary

3

Before you learned about negative numbers, you used only
that part of the number line which includes point 0 and all points
to the right of zero. In this unit you learned that numbers can be
assigned to points that are to the left of zero. Numbers to the right
of zero are called positive numbers, and numbers to the left of zero
are called negative numbers. Zero is neither positive nor negative.

When you had only positive numbers to work with, you were
not able to subtract a larger number from a smaller number. How-
ever, when you have both positive and negative numbers to work
with, subtractien of one number from another in either order is
always possible.

For any number on one side of zero there is exactly one number
on the other side of zero such that the sum of tile two to is

zero. Each of the two numbers is called the opposite of the other.
Because every number en the Dumber line has an opposite, you
cart change every subtraction problem to an addition problem.
That is, to subtract a number, add its opposite. This is convenient,
because you can always change the order in which you add two
numbers but not the order in which you subtract.

Both integers and rational numbers that are not integm.s can
be assigned to points in the number line. While consecutive integers
are usually assigned to points that are one unit apart, other rational
numbers can be assigned to points that ate as close as you pleas°.
Bet sVCCI1 any t WO rational numbers there is always another rational
number.

60
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With so many rational numbers so close together, it may surprise.
you that there are seine points in the number line that cannot be as-
sociated with rational numbers. In fact, there are an infinite number
of these unused points! If you study more mathematics, you will
learn that these points are associated with numbers called irrational
numbers. The union of the set of rational numbers and the set, of
irrational numbers is called the set of real numbers. Thus a real
number can be assigned to every point in the number line, and
every point, in the number line can he matched with one real
number.

Review Exercises

1. Complete each sentence, using whichever symbol, -, <, >,
makes the sentence true.
a. 3 -3 d. -6 2.
b. 0 -8. e.
c. -3 -7. F. I

2. Each circle shown below has point 0 as center. What numbers
should be assigned to the points labeled by letters?

A

/
7

/
i

10

,,
//

tfj.

1

fl f

\
\

1

\

-6 3:
:
U. i f

6i



3. Find each sum.
a. -2 + -7
b. -9 +6
c. -OS + -47
d. 136 + 62
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e. '8+3
f. -3 +8
It. 1-3 +
11. -8 + -3

4. Use the idea of opposites to change each subtraction to an
addition.
a. 5 8 = 5 +
b. 5 -8 = 5 +
c. -8 2 = +
d. -6 -3 = +
e. 0 7 = +

5. Find each difference.
a. 3 8 e. 0 -8
b. 9 -6 f. -5 --5
c. -12 -7 g. 5
d. -3 15

6. Find each product.
a. 8 -4 c. 3.12
b. -7.-6 d. -1.24

e.
f. 0-7

7. For each division sentence, complete the related multiplication
sentence.
a. 12 ÷ 4 = 3: 3.__ = 12,
b. -12 --4 = -3; .4 =
c. -16 --8 = x; =
d. 20 ÷ -5 = .r; =
e. -35 ± 7 = x;

S. Find each quotient,
a. -16 ± -8 c. -35 7 e. 72 ± -8
b. 20 ÷ -5 d. -28 ÷ -7 ;. 0 ÷ -2

9. Use the number line below to find each sum.

a. 1+ 2.?- b. 5
c + 21 1 ')d. :373 6 6 6 -3 :3

Gti
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10. Use the number line below to find each difference.

- - 1a. 1 1-
1 b. 2 c. 1-

1
1-

:3 0 6

..
4 -3 -2 -1 0 1 2 3 4

11. `,1ake each sentence true.
a. 5 -6 =
b. -8 + (-2 + 6) (-8 + _) + 6.
c. -13 _____ = 0.
d. 9 -2 = 9 + .

e. 5. (-3 + 3) = (5.-3) -I-

f. + -3 -I- 7.
g. -12 + = 0.
h. 1-5 + =
i. -18 = -18._

12. Which sentences are true and which are false?
a. The sum of a number and its opposite is O.
b. The absolute value of a negative number is always its

opposite.
c. A number c-ui be its own opposite.
d. When subtracting one number from another, the order does

not matter.
e. The sum of a positive number and a negative number is

always negative.
f. The precinct of two negative numbers is always positive.
g. The sum of two negative numbers is always negative.
h. A negative number may be greater than a positive number.

13. For each exercise, decide whether or 1101 it is possible to replace
x and y by two integers that make the sentence true. Will any
of the sentences he true for every pair of integers you might
select?

a. ixi + = +
b. Ix, + > lr 4- Yl.
c. 13-1 + !gi < ix 1-

6.)

d. it IJI =

e !/./ < Y:.

f. > ;x


